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Abstract
We extend a known solution generating technique for isotropic fluids in order to
construct more general models of anisotropic stars with poloidal magnetic fields. In
particular, we discuss the magnetized versions of some well-known exact solutions
describing anisotropic stars and dark energy stars and we describe some of their prop-
erties.
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1 Introduction
There are strong theoretical reasons to believe that in realistic relativistically covariant stellar
models in the high density regimes the pressures inside the star are likely to be anisotropic [1].
This usually means that the radial pressure component, pr is not equal to the components
in the transverse directions, pt. Such anisotropies in the fluid distributions can arise from
various reasons: it can be due to a mixture of two fluid components [2], the existence of a
superfluid phase, the presence of a magnetic field, etc. (for a review see [3] and references
there). Other non-trivial examples of anisotropic fluid distributions are provided by the
bosonic stars (see for instance [4] and the references within), by traversable wormholes [5],
or the so-called gravastars [6], which are systems where anisotropic pressures occur naturally.
The pressure anisotropy can have significant effects on the structure and the properties
of the stellar models. For instance, for an anisotropic star with mass M and radius R, the
quantity 2M
R
can approach unity [7], while it is constrained in the isotropic models by the
Buchdahl bound 2M
R
< 8
9
[8]. Also, the surface redshift of the star can be arbitrarily large
(although it is still bounded when one takes into account the energy conditions inside the
star [9]).
Such anisotropic fluid models of neutron stars could be used to model the so-called
magnetars [10], which denote a class of neutron stars whose emissions are powered by the
decay of their huge magnetic field. For a magnetar the magnetic field strength can reach
values as high as 1011T , while being even more intense inside the star. There are over 30
magnetars cataloged by now [11] (for recent reviews of their properties see [12], also [13]).
This class of objects includes the soft gamma repeaters (SGRs) and the the anomalous X-
ray pulsars (AXPs). To model such objects in fully relativistic context is quite a formidable
task. As expected, the strong magnetic field of the magnetars has significant effects on the
structure of a neutron star. Usually, in modeling compact objects in General Relativity (GR)
one assumes small deviations from the spherical symmetry and a perfect fluid distribution of
the source (see for instance [14]). However, in presence of strong magnetic fields one should
consider an axially symmetric treatment of the source [15].
One simple non-perturbative model of a magnetar, which is a solution of the full Einstein-
Maxwell-hydrodynamic equations has been proposed recently by Yazadjiev in [16]. Yazad-
jiev’s model describes a static magnetized neutron star, with a poloidal magnetic field. Its
fluid distribution becomes anisotropic due to the presence of the magnetic field. This model
was obtained using a solution generating technique by adding a magnetic field to a general
static metric, solution of the Einstein-perfect fluid model. This solution is very important
since it provides in a fully relativistic context a simple analytical model of the magnetars.
In our work we shall generalize Yazadjiev’s method by allowing the seed solution to
describe an anisotropic fluid, instead of a perfect fluid. In other words, in our solution
the pressure anisotropy exists even before ‘turning on’ the magnetic field. The presence
of the magnetic field has the further effect to make the anisotropy complete, in the sense
that the pressures in the transverse directions, pθ and pφ become non-equal. Thus, in our
final solution all the pressures (along the radial and transverse directions) become different.
While the condition pθ = pφ is necessarily obeyed for a system with spherical symmetry, in
our case the final geometry has only axial symmetry and the two transverse pressures are
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then allowed to differ.
The structure of our paper is as follows: in the next section we present in simple form
the extension of the Yazadjiev’s procedure to add a magnetic field to a static configuration
describing an anisotropic fluid. In section 3 we consider some exact solutions to illustrate
the procedure and study some of their properties. Finally, the last section is dedicated to
conclusions.
2 The magnetized model
As the starting point of our solution-generating technique, we shall consider a static spher-
ically symmetric anisotropic distribution of matter for which the metric can be written in
general as:
ds2 = −gtt(r)dt2 + grr(r)dr2 + r2(dθ2 + sin2 θdϕ2). (1)
It describes a solution of the Einstein-anisotropic fluid equations:1
Gµν = 8piT
0
µν , (2)
where the stress-energy T 0µν of the anisotropic distribution of matter has the form:
T 0µν = (ρ
0 + p0t )u
0
µu
0
ν + p
0
tg
0
µν + (p
0
r − p0t )χ0µχ0ν . (3)
Here ρ0 is the fluid density, p0r is the radial component of the pressure, while p
0
t represents
the transverse components of the pressure. Moreover, u0µ is the 4-velocity of the fluid while
(χ0)µ =
√
g−1rr δ
µ
r is the unit spacelike vector in the radial direction.
Following the same reasoning as in the original Yazadjiev’s method [16], starting from
the spherically symmetric seed (1) the final magnetized solution becomes:
ds2 = Λ2
[
− gtt(r)dt2 + grr(r)dr2 + r2dθ2
]
+
r2 sin2 θ
Λ2
dϕ2, Λ = 1 +
B20
4
r2 sin2 θ,
Aϕ =
B0
2
r2 sin2 θ
Λ
, ρ =
ρ0
Λ2
, pθ =
p0t
Λ2
, pr =
p0r
Λ2
, jϕ = (ρ− pr)B0r
2 sin2 θ
Λ2
, (4)
which is a solution of the Einstein-Maxwell-anisotropic fluid equations:
Gµν = 8piT
EM
µν + 8piT
af
µν , F
µν
;ν = 4piJ
µ. (5)
Here F = dA is the Maxwell field strength with the magnetic potential A = Aϕdϕ, Jµ =
(0, 0, 0, jϕ) is the 4-current that sources the electromagnetic field, while the stress-energy
tensor of the electromagnetic field is defined as usual by:
TEMµν =
1
4pi
(
FµαF
α
ν −
1
4
F 2gµν
)
. (6)
1Note that we work in the natural units for which G = c = 1.
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The final anisotropic fluid configuration is described by means of the stress-energy tensor:
T afµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν + σζµζν , (7)
which manifestly includes the anisotropic contribution due to the presence of the magnetic
field:
σ = −(ρ− pr)B
2
0r
2 sin2 θ
2Λ
, (8)
where ζµ is the unit vector along the
∂
∂ϕ
direction.
Note that the anisotropy induced by the magnetic field is directed solely along the ζµ
direction and that it breaks the condition pϕ = pθ = pt. This condition was required by the
assumed spherical symmetry in the seed solution. However, in presence of the magnetic field
the geometry is no longer spherically symmetric and as such one can have the two transverse
pressures non-equal, pϕ = pθ + σ ≤ pθ.
3 Some anisotropic examples
Starting with the pioneering work of Bowers and Liang [17], there has been a growing
interest in developing more realistic stellar models by using anisotropic fluid distributions.
A relatively recent review of the properties of compact objects with anisotropic fluids and
the possible causes of for the appearance of local pressure anisotropies is [3]. For more recent
papers on anisotropic compact objects see for instance [18] - [28] and also [29] and references
within.
A physical anisotropic solution for a stellar model has to fulfill the following requirements
(see for instance [19] , [29]):
• ρ, pr and pt should all be positive inside the object and finite at the center of the star.
Moreover, the anisotropy should be zero at the origin, pt(0) = pr(0).
• The gradients of ρ, pr and pt should be negative. These means that the density and
pressures should reach a maximum at the center at the star and decrease radially
outwards. The transverse pressures should be bigger than the radial pressure, except
at the origin, pt > pr.
• The sound speeds should be bounded by that of light:
0 <
∂pr
∂ρ
< 1, 0 <
∂pt
∂ρ
< 1, (9)
• For stability the adiabatic index Γ = ρ+pr
pr
dpr
ρ
should be larger than 4
3
.
• The solution should satisfy the energy conditions inside the star. For instance, the
dominant energy condition is ρ ≥ pr and ρ ≥ pt.
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• Stability against cracking, which for spherical symmetry requires that
−1 ≤ dpt
dρ
− dpr
dρ
≤ 0 (10)
In the followings we shall consider bounded configurations of an anisotropic fluid for which
the radial pressure pr will vanish at a finite radius R, which defines the surface of the star.
Moreover, at the surface of the star r = R the interior anisotropic solution should match
continously the exterior Schwarzschild solution:
ds2 = −
(
1− 2M
R
)
dt2 +
dr2
1− 2M
R
+ r2(dθ2 + sin2 θdϕ2). (11)
Here M is the mass of the star. One should note that the density ρ and the transverse
pressure pt are not required to vanish at the surface of the star.
Since most of these models assume spherical symmetry they can be used as seeds in
the method described in the previous section. Here we shall consider, as examples, a few
representative anisotropic solutions.
3.1 The magnetized Bowers-Liang solution
The solution found by Bowers and Liang [17] corresponds to a anisotropic fluid with an
homogeneous density distribution ρ = ρ0 = constant. In their work they considered a spher-
ically symmetric relativistic matter distribution and studied the behavior of such systems by
incorporating the pressure anisotropy effects in the equation of the hydrostatic equilibrium.
Their solution is given by (1) where:
gtt(r) =
[3 (1− 2M
R
)h
2 −
(
1− 2m(r)
r
)h
2
2
] 2
h
, grr(r) =
1
1− 2m(r)
r
, ρ0 =
3M
4piR3
, (12)
p0r = ρ
0
(
1− 2m(r)
r
)h
2 − (1− 2M
R
)h
2
3
(
1− 2M
R
)h
2 −
(
1− 2m(r)
r
)h
2
, ∆0 = p0t − p0r =
4pi
3
Cr2
(ρ0 + p0r)(ρ
0 + 3p0r)
1− 2m(r)
r
,
where h = 1− 2C, m(r) = 4pi
3
r3ρ0 and C is the anisotropy parameter.
Then, using the results from section 2 the magnetized Bowers-Liang solution will simply
be given by (4). The final geometry is obviously axially symmetric, while the anisotropic
fluid source has the pressures different in radial and transverse directions. Note also that for
C = 0 one obtains the magnetized interior Schwarzschild solution discussed in [16]. Since in
origin Λ = 1, then the magnetized solution has the same values for the density and pressures
as the original seed at r = 0. In particular, the radial pressure in origin becomes:
pr(0) = ρ
0 1−
(
1− 2M
R
)h
2
3
(
1− 2M
R
)h
2 − 1
, (13)
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and the critical value of the quantity 2M
R
for which the central pressure becomes infinite is
the same as in the original Bowers-Liang solution:
2M
R
|cr = 1−
(
1
3
) 2
h
. (14)
If one takes h = 0 in the magnetized Bowers-Liang solution one obtains the magnetized
version of the so-called Florides solution [30]. It corresponds to an anisotropic object with
zero radial pressure pr = 0, which is sustained only by tangential stresses. In this case:
gtt(r) =
(
1− 2M
R
) 3
2
(
1− 2m(r)
r
) 1
2
, grr(r) =
1
1− 2m(r)
r
, ρ =
1
Λ2
3M
4piR3
, m(r) =M
r3
R3
pθ =
2piρ2r2
3
(
1− 2m(r)
r
) , pϕ = pθ + σ, pr = 0. (15)
Since the effects of the magnetic field are manifest not only in the interior of the star and
also outside, the proper exterior geometry to consider outside the star’s surface at r = R is
the Schwarzschild-Melvin solution. It corresponds to gtt = g
−1
rr = 1 − 2MR in (4), while the
density all the fluid pressures are zero. Since the interior Bowers-Liang matches continuously
the exterior Schwarzschild vacuum solution on the surface r = R, it should be obvious that
the magnetized Bowers-Liang solution will match continuously the exterior Schwarzschild-
Melvin solution on the star’s surface.
Finally, one should note that some of the regularity conditions described in this section
have been derived in a spherically symmetric geometry and some of them might not be
appropriate in discussing anisotropic fluid distributions with general axial symmetry. We
leave this point outside of this work and we will address it elsewhere.
3.2 Magnetized dark energy stars
The second example that we shall discuss is provided by the so-called dark energy stars.
These objects were originally defined by Mazur and Mottola [31], [32], [33] as ‘gravastars’
(gravitational vacuum stars) and they were introduced as alternatives to black holes. They
usually contain a de Sitter core surrounded by a finite layer of stiff matter with the equation
of state p = ρ, which is also matched with an exterior Schwarzschild vacuum geometry. By
construction, this object has no singularity at the origin and no horizon, while its radius
can be made very close to that of the Schwarzschild radius. Moreover, for some physically
reasonable equations of state for the matter in the transition layers they can be dynamically
stable against spherically symmetric perturbations of the matter or gravity fields [34]. Since
their exterior geometry coincides with that of a Schwarzschild black hole, it might be very
difficult to observationally distinguish a gravastar from a Schwarzschild black hole. However,
one should note that gravitational waves might be able to distinguish gravastars from black
holes [35].
In this section we shall use a generalized model of a gravastar found by Lobo and described
in [36]. In this case the interior de Sitter core is replaced by an anisotropic dark energy fluid
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having the equation of state of the form pr = ωρ, with ω < −13 . For simplicity we shall
consider here the case of constant energy density ρ0(r) = ρ0 = constant.
The seed solution that we are considering is then the following:
ds2 = −(1− 2Ar2)− 1+3ω2 dt2 + dr
2
1− 2Ar2 + r
2(dθ2 + sin2 θdϕ2),
ρ0 =
3A
4pi
, p0r = ωρ
0, p0t = p
0
r
[
1 +
(1 + ω)(1 + 3ω)Ar2
2ω(1− 2Ar2)
]
. (16)
One is now ready construct the magnetized dark energy star:
ds2 = Λ2
[
− (1− 2Ar2)− 1+3ω2 dt2 + dr
2
1− 2Ar2 + r
2dθ2
]
+
r2 sin2 θ
Λ2
dϕ2, Λ = 1 +
B20
4
r2 sin2 θ,
Aϕ =
B0
2
r2 sin2 θ
Λ
, ρ =
ρ0
Λ2
, pθ =
p0t
Λ2
, pr = ωρ, pϕ = pθ − (ρ− pr)B
2
0r
2 sin2 θ
2Λ
. (17)
This is a solution of the Einstein-Maxwell-anisotropic fluid equations (5) where
jϕ = (ρ− pr)B0r
2 sin2 θ
Λ2
(18)
For a static star one should match this geometry with that of the Schwarzschild-Melvin
solution on the junction surface r = R. As it is well known, there is a set of regularity
conditions to be imposed, namely the Israel-Lanczos junction conditions [37], [38]. In our
case the surface r = R has the induced metric:
ds2 = habdx
adxb = Λ20
[
−
(
1− 2M
R
)
dt2 +R2dθ2
]
+
R2 sin2 θ
Λ20
dϕ2, Λ0 = 1 +
B20
4
R2 sin2 θ.
The continuity of the metric at this junction leads to the following condition, connecting the
two parameters M and A:
1− 2M
R
= (1− 2AR2)− 1+3ω2 . (19)
Finally, the surface stress-energy tensor Sab at the junction surface r = R is given by the
Lanczos equations:
Sab = −
1
8pi
(kab − δab kcc), (20)
where kab = K
+
ab −K−ab is the discontinuity in the second fundamental form of the junction
surface. Here the extrinsic curvature is defined as Kab = h
c
ah
d
bχd;c, where χ is the radial unit
vector, normal to the surface r = R.
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For the exterior Schwarzschild-Melvin geometry one finds:
Ktt =
M
R2√
1− 2M
R
1
Λ0
+
√
1− 2M
R
1
Λ20
∂Λ
∂r
|r=R,
Kθθ =
√
1− 2M
R
Λ20
(
Λ0
R
+
∂Λ
∂r
|r=R
)
,
Kϕϕ =
√
1− 2M
R
Λ20
(
Λ0
R
− ∂Λ
∂r
|r=R
)
. (21)
A similar computation for the interior magnetized dark energy star leads to:
Ktt =
A(1 + 3ω)R√
1− 2AR2
1
Λ0
+
√
1− 2AR2 1
Λ20
∂Λ
∂r
|r=R,
Kθθ =
√
1− 2AR2
Λ20
(
Λ0
R
+
∂Λ
∂r
|r=R
)
,
Kϕϕ =
√
1− 2AR2
Λ20
(
Λ0
R
− ∂Λ
∂r
|r=R
)
. (22)
Then the surface stresses computed from the Lanczos equations are:
σ =
1
4piRΛ0
[√
1− 2M
R
−
√
1− 2AR2
]
,
Pθ = 1
8piRΛ0
[
1− M
R√
1− 2M
R
− 1− AR
2(1− 3ω)√
1− 2AR2
]
,
Pϕ = Pθ + R
Λ0
∂Λ
∂r
|r=Rσ, (23)
where ∂Λ
∂r
|r=R = B0R sin2 θ2 . Here σ is the surface energy density, while Pθ and Pϕ are the
tangential surface pressures. Note that the matter distribution on the thin-shell becomes
anisotropic due to the presence of the magnetic field.
A more general discussion of the gravitational stability of the dark energy magnetar could
be carried out by allowing the junction surface shell to move radially, however, this analysis
is outside the purpose of the present work.
4 Conclusions
In the last decades there has been a tremendous interest in finding new exact solutions of
Einstein’s field equations, in particular solutions that describe relativistic compact objects.
With the discovery of many new interesting astrophysical objects, such as pulsars, neutron
stars, magnetars, etc. one had to increase the level of sophistication in models describing
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such objects to take into account their observed properties. Although in order to realistically
analyze such complicated stellar structures one has to rely on perturbative methods or on
complex numerical computations in GR, sometimes, some simple toy models can capture
important features of these fascinating objects. For example, one simple nonperturbative
model of magnetars has been recently introduced by Yazadjiev in [16]. In this work we
have considered an extension of Yazadjiev’s method to magnetize an anisotropic fluid dis-
tribution in full generalyl relativistic context. Our initial motivation was to search for more
general models of magnetars with poloidal magnetic fields and in this regard the extension
of Yazadjiev’s method to anisotropic fluid distributions is quite natural. Indeed in a realistic
star model the anisotropy can have many sources and, therefore, in general one should take
them into account even in absence of a ultra-strong magnetic field. One of the results of
our paper was that the anisotropy induced by the presence of the magnetic field has the
effective effect of making all the pressures non-equal along the different directions inside a
relativistic magnetized star. This is allowed once we evade the constraints of spherical sym-
metry, which forces the two transverse pressures pθ and pϕ to be equal. As examples of this
method we presented two new magnetized versions of some well-known anisotropic solutions:
the Bowers-Liang solution and the dark energy stars. The geometry outside the magnetized
stars can be well described by the Schwarzschild-Melvin solution and on the surface of the
star one has to match continuously the interior geometry with the outside one. In the case of
the dark energy star we explicitly computed the surface stresses on the thin-shell separating
the interior geometry to that of the exterior Schwarzschild-Melvin solution. A more complete
discussion of the stability of the dark energy star should involve dynamic thin-shells, which
could move radially, however we leave such a discussion for further work.
As avenues for further work, one should be able to extend this magnetizing method to
more general axially-symmetric geometries as required for realistic magnetars in [15]. These
geometries will likely require more general anisotropic fluid interior solutions with axial
symmetry as in [39], [40]. Another interesting extension of the present work would involve
a study of the star’s anisotropy on the propagation of various fields in this background, on
the lines of the study presented in [41]. Work on these matters is in progress and it will be
presented elsewhere.
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